October, 1985] © 1985 The Chemical Society of Japan

Bull. Chem. Soc. Jpn., 58, 2935—2942 (1985) 2935

Mechanism of Resonant Two-photon Transitions via

Repulsive Intermediate States.

Experimental

and Theoretical Studies on I: Vapor

Jun SHiraIsHI, Yuichi FujiMUura,* Takeshi NAKAJIMA, Masahiro Kawasaki,*.t Kazuo KASATANI,Y
Hiroyasu SaTo,t and Ikuzo Tanaka*. ™
Department of Chemustry, Faculty of Science, Tohoku University, Sendai 980
TChemistry Department of Resources, Mie University, Kamithama-cho, Tsu 514
Department of Chemistry, Tokyo Institute of Technology, Ohokayama, Meguro, Tokyo 152
(Received May 27, 1985)

Mechanisms of resonant two-photon transitions via repulsive intermediate states are experimentally and
theoretically studied. Polarization ratios, 2=0x/01(where ox and o are the cross section of the two-photon
transitions obtained by the circularly polarized light and that by the linearly polarized light, respectively) of the
two-photon excitation of iodine vapor have been measured in the wavelength range of 420—510 nm. An
expression for the polarization ratio for the two-photon absorption in which both simultaneous and sequential
processes take place has been presented. The polarization ratios calculated by using the é-function approxima-
tion for the repulsive intermediate states as a function of the laser frequency for the iodine molecule system
explain qualitatively the experimental result. This indicates that both the simultaneous and the sequential

process take place in the frequency region measured.

Multi-photon spectroscopy has made a great contri-
bution to clarifying structures of electronically excited
states of molecules and the dynamical processes taking
place in these states.? Most of papers so far reported
were concerned with resonant multi-photon transi-
tions via bound intermediate states. Resonant multi-
photon transitions via repulsive intermediate states
such as bound-free-bound or bound-free-free transition
can be induced with production of fragments. These
types of the multi-photon transition can be observed
in iodine and halogen substituted compounds etc.2-3
At present mechanisms of the multi-photon transi-
tions involving repulsive intermediate states are not
well known. It is interesting to investigate which is
dominant, simultaneous or sequential process. The
latter is induced by elastic collisions between mole-
cules and perturbers.

One of the methods for identifying the mecha-
nisms of the multi-photon transitions is to measure
the polarization ratio Q defined by ratio of the transi-
tion probability obtained by using circularly polarized
light to that obtained by using parallel linearly polar-
ized light. Kasatani et al.¥ have observed two- and
three-photon transitions of Iz via the repulsive inter-
mediate states in gases. From the polarization mea-
surement of the fluorescence excitation spectra, they
have found that even though the Iz molecule excited
in the energy region beyond the attractive potential of
the B state, the photon absorption proceeds via the real
repulsive intermediate states. Another method is to
analyze the vibronic structure appearing in the spectra.

The purpose of this paper is to investigate the
mechanisms of resonant two-photon transitions via
repulsive intermediate states from both experimental
and theoretical points of view. We first report polari-
zation ratios of two-photon fluorescence excitation spec-
tra of gaseous Iz in the laser wavelength range of
420—510nm. Secondly effects of the repulsive inter-

mediate states on the resonant two-photon absorption
(TPA) probability are theoretically studied. Neglect-
ing effects of molecular rotations, and assuming the
molecules to be randomly oriented, we derive expres-
sions for the transition probabilities of the simul-
taneous and sequential TPA processes. In the Born-
Oppenheimer and Condon approximations, these ex-
pressions are divided into two terms. One involves
electronic transition matrix elements relevant to the
two-photon transitions with laser intensity. This
term depends on the polarization of photon for the
simultaneous TPA process. The other term is a line
shape function which characterizes the vibronic inten-
sity distribution. Expressions for the line shape func-
tions for the simultaneous process and sequential one
are derived by using the 8-function approximation
to the repulsive intermediate states and the displaced
harmonic oscillator approximation to the initial and
final states. In deriving the expressions for the line
shape functions, two cases can be considered, depend-
ing on the dimensionless potential displacement 4
between the initial and final states: one is the weak
coupling case in which 4=<1, and the other is the
strong coupling case which is characterized by a large
potential displacement. Ion pair states in Iz can be
taken as belonging to the latter case. In this paper, we
derive an expression for the line shape function of the
TPA process of Iz in the strong coupling case. Finally
the frequency dependence of the polarization ratio is
evaluated and is compared with that observed for the
gaseous Iz molecule.

Experimental

The Polarization Measurements of I Vapor. Iodine
vapor in a quartz cell at 90°C was excited by visible light
from an N2 laser pumped dye laser (Molectron UV-24 and
DL-14) in the wavelength range of 420—510nm. The laser
intensity was <1mj/pulse of a few nanoseconds. The
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Fig. 1. Fluorescence spectra taken at various

excitation wavelengths of Is vapor at 90°C.

band width was around 0.4cm~1. The ultraviolet emission
from iodine molecules was observed at right angles to the
focused laser beam with a monochromator (or a filter), a
telescope and a photomultiplier (Hamamatsu Photonics
R-166 UH or 1P28). In order to measure the effect of the
polarization of laser light on the two-photon absorptivity,
the laser beam was passed through a rotatable double
Fresnel rhomb followed by a single Fresnel rhomb. This
optical arrangement provides linearly or circularly polarized
light without changing the optical pass and inten-
sity of the laser beam. At the lower vapor pressure, the polar-
ization ratio could not be quantitatively measured because
of low S/N ratios.

By the excitation of iodine vapor at 4=498.9nm :.e.,
below the dissociation limit of the B (0%) state, the UV emis-
sion was observed at 385, 342, 320, 287, and 270 nm as re-
ported previously.® When the energy of laser light was
above the dissociation limit 1,<498.9 nm, the UV emission
was still observed at various wavelengths as shown in Fig. 1.
When the UV emission intensity was measured as a func-
tion of excitation wavelength, the intensity decreased dras-
tically at 2x<498.9 nm with unfocused laser light. The excita-
tion spectra were detected for two UV wavelength regions,
one with an interference filter centered at 320nm, and the
other with a broad band pass filter (240—330nm). UV exci-
tation spectra taken by these two methods were essentially
the same. The decrease in UV intensity is caused by the de-
crease in the number density of the intermediate B 0% state
for two-photon absorption process,

I, + hop — L*BOY),

L*B03) + hog — I¥*

Same sharp decrease in the excitation spectra at 14.,<498.9
nm has been reported when iodine vapor was irradiated by
the visible laser light from a flash lamp pumped dye laser,
the peak power of which was weaker than the N2 laser
pumped dye laser by a factor of =200. This drastic inten-
sity change at A<498.9nm, however, was not observed
when the laser light was focused by a lens (f=30 mm). This
is probably because the pumping rate to the upper state(s)
by the focused laser light is comparable to the dissociation
rate of the intermediate state.

The influence of the incident light polarization (circular
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Fig. 2. Fluorescence excitation spectra (solid curves)
and polarization ratios (points) of Iz vapor at 90°C.

or linear) on the rate of the photon absorption process
was investigated at various laser wavelengths. The results
for benzene were in good agreement with those obtained by
Friedrich and McClain.® The polarization ratios for iodine
vapor were measured by observing the UV emission with the
UV band pass filter as shown in Fig. 2. They were found to
be essentially unity in the laser wavelength range of 450—
510nm where iodine molecules absorb visible light in the
transition from the ground states to the dissociative states B
(0%) and 1.. Below 450 nm, one-photon absorption diminishes.
When the laser wavelength became less than 450nm, the
transition probabilities or UV emission decreased and the
polarization ratios began to deviate from unity as shown in
Fig. 2. This deviation indicates that the contribution of
two-photon absorption via the real dissociative state be-
comes less important and that via virtual states becomes
important. The interaction time between photons and dis-
sociative state becomes shorter with increasing the photon
energy because the dissociative lifetime is classically a func-
tion of the incident photon energy. At the shorter wave-
length region observed the polarization ratio became less
than 1.0. This transition corresponds to AQ=0, or 0}—
X0t two-photon transition via virtual states.® In the fol-
lowing sections we shall discuss theoretically both two-
photon transition probabilities through a dissociative state
and polarization ratios in more detail.

Theoretical

Transition Probabilities of Resonant TPA via Repulsive
Intermediate States. We consider a resonant two-
photon absorption (TPA) via repulsive intermediate
states as shown in Fig. 3. The two-photon transition
probability from vibronic state a to n, W, (wr) can be
approximately expressed in terms of the simultaneous
transition probability W55, (wr) and the sequential
one W53, (wr) as

Wan(@r) = Wili(wr) + Wek(wg), (1)

where we have assumed that molecules absorb iden-
tical two-photons with frequency wr and polariza-
tion vector X, and mixed terms have been omitted
though these may make a significant contribution
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Fig. 3. Model potentials for TPA in the strong
coupling case. Potentials of the initial and final
states are expressed in terms of displaced harmonic
ones with frequency w and a large displacement 4.
Potential of the intermediate state is approximated
by a linear one.

in some cases.” General forms for the transition
probabilities have already been given elsewhere.?
In the Born-Oppenheimer approximation in which
wave functions can be expressed as a product of elec-
tronic (@) and vibrational (8) ones, and in the Condon
approximation, we can separate the simultaneous
transition probability into two terms, a polarization
dependent term P;and a line shape function L(wg):3-12

Win(wg) = PJmLY™ (wg), (2
“where
Pm = (|} 2 Hyr 412, (3)
Lsnm(w ) — iRCE E Oaa
ht a n 1wna+1"m,
£0,)0.,><0n0.> |?

where summations are carried out over the vibronic
states of the a and n electronic states. In Eq. 3, double
bracket < --->> denotes averaging over orientations of
the molecules, and H ;,=<®3 H’|®4> is the matrix
element of the molecule-photon interaction Hamilto-
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nian. In Eq. 4, p. represents the population in the
initial state, wn=wy—w,—2wWR, Wm=wn—w,—wr in which
wn, wm, and w, denote molecular eigenfrequencies
of the relevant states, and I, dephasing constant
between two states, for example, is given by

Tyo= 5 (Tun+Te) + TS5, 5)

in which I'mm is the population decay constant of state
m, and I'$h) the pure dephasing constant.”-13.14
Assuming the sequential process to be induced by
intermolecular interactions between molecules and
heat bath, we can express the two-photon transition

probability in the similar way,

W (wg) = PUL%% (wg), (6)

where
P8 = (| Fl - 220 i 212
o< | H,ul? | Hyal?, (7)
which is independent of polarization, and L*%wg),

the line shape function for the sequential TPA is
given as

19%(22) = - ReSonn 2| dn [0 P e P T

<0al0m><0mlon><0nl0k><0k|0a> . (8)
(iwmn'i'rmn) (iwak+rak) (iwma+rma) (iwmk'l'rmk)

In order to evaluate wr-dependence of the transi-
tion probability of resonant TPA via repulsive inter-
mediate states, we now derive expressions for the line
shape functions L*™(wg) and L**%wgr) by using one
dimensional model shown in Fig. 3.

Nuclear potentials of the initial a and final n
electronic states are assumed to be characterized by
displaced harmonic potentials with displacement 4:
The corresponding Hamiltonians H, and H, are ex-
pressed in the forms,

ﬁa = ﬁ;‘(ﬁz‘i‘qz), (ga)
and
A= 2 q-ary + @, (9b)

where g and p are the dimensionless nuclear coordi-
nate and the conjugated momentum, respectively. w
represents the frequency of the vibrational mode.

Vibronic Hamiltonian of repulsive intermediate
states is assumed to be given by

A (10)

with F,>0. We shall consider the line shape function
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of the simultaneous TPA wvia repulsive intermediate
states in the strong coupling case.

a) Simultaneous TPA: Applying the generating
function method!® to Eq. 4, we obtain

lem(wn) = %Sm d¢ S:dt S:d‘l" €xXp ["'rna|tl

—To(t+7") —2wgt—iwg (t'—7)]1G(z, T/, t), (11)

-

where G(z,7’,t), generating function for the simulta-
neous TPA, is given as

G(t, ', t) = 3KOq|Paq exp [—iH, (41" —17) /)
x exp [iH,,t'/h] exp [iH,t/h]

x exp [—iH,z/h)|0,). (12)

For simplicity we assume the vibrational mode of
molecules to be in the low temperature limit. A tem-
perature dependent line shape function can be de-
rived by using the Boson operator technique.’® In
order to derive an expression for the line shape func-
tion within the 8-function approximation, we neglect
the nuclear kinetic energy in the Hamiltonian for the
repulsive intermediate states. In this approximation
we obtain a line shape function as

Lo (o) = igm dts‘wdt S”dr' exp [i(5,/h— /2— 2wg)t

h4 — [} [

_I‘nalt’_ (FmT/_me+Fnt)2/4h2
+i(ed/h— w[2—wg)t' —i(ed/h— w[2—wg)T
— (@ + ) mal, (13)
where quantum number dependences of I have been
neglected. A brief derivation of Eq. 13 is given in Ap-
pendix A. In the case in which condition Ail.<F, is
satisfied, we can neglect effects of the dephasing con-
stant I, in Eq. 13. In this case after integration over
t in Eq. 13 we obtain

4/ &, — -2 2
Ls'™(wg) = -——;3/]:: exp [— (————E" hwﬁg hwR) ]

n

X

Smdr exp [— i {e;’,‘/h—w/2— wg

o

F 2
—(é‘,,/h—w/2—2w3)?ﬂ}—l"mar] . (14)
Integration over 7 in Eq. 14 yields an analytical
expression for the simultaneous TPA in the strong
coupling case as,

sim _ W E,— hw/2—2hawg \ ?
v = i o[-t

r2

QP ey s prwy C s

15)

with r=F,/Fn. The first term in Eq. 15 is equivalent
to the band shape function for the one-photon bound-
free transition with optical frequency 2wg. In the usu-
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al case in which F,> I',.r/|2—7|, the band shape for the
simultaneous TPA process is dominated by the second
term in Eq. 15. This indicates that the maximum of the
band locates at {&/i—w/2—r(e9—w/2)}/(2—r) with the
effective width I'm.r/|2—7|. The same expression for the
line shape function as Eq. 15 can be derived if the
vibronic Hamiltonian of the final state is assumed to be
expressed in terms of a linear potential, H,=—F,q+%,,
in stead of using the approximation expansion Eq. A. 9.

b) Sequential TPA: The line shape function for
the sequential TPA in the strong coupling case takes
the form

L) = e Re o do, (don{don(Paa— it T

X <0a’0m><0m,0n><0nl0k><0k'0a>
(iwmn+an)(iwak+rak)(iwma+rma)(iwmk+rmk)'

(16)

For the strong coupling case, the linear potential
approximation can be adopted both to the intermediate
and final state potentials, and the overlap integral
between the two states can be expressed as

On|0n> = (FuFp) /20 (qm— qn)- (17)

Applying Eq. 17 into Eq. 16 and integrating over the
frequencies w, and wk, we obtain

L*(wg) = 7

h4

2 Sm dqm (2Pma_rmm)rmn

-0 mm

1
" [ Fgm) /A= (e Frugm) o= g} 2+ T8

|0a(gn)1?

s 18
(o= Fgn—hoj2)[hi—wg) 1 Ty (18)

where we have restricted ourselves to the TPA in the
low temperature limit. In the case in which Fp 2> fil ina
is satisfied, the integrand in Eq. 18 involves the 8-func-
tion in the limit %lme/F»—0. In this case the integra-
tion over g, can be performed as

5o 2 2 ma__ 4 mm mn
Lrn(on) = 5 L e LT

exp [_ (e?n—hw}/;?—hmn )2}

X e h— a2 r(eh— o= ap) )i Ty ()
From Eq. 19, we can see that the peak of the band for
the sequential TPA process locates at the same fre-
quency as that for the simultaneous process, and its
effective width is given by I'nw./|2—71|.

Polarization Ratio of the Resonant TPA of Iz Vapor.
We consider the polarization ratio for the TPA in the
presence of both simultaneous and sequential proc-
esses at the same time. In this case, the polarization
ratio Q(wr) can be defined as

W n(@r) _ PERLY™ (wp) + PoIL**(wy)

.Q((I)R) = WJ..T,. ((”R) - Pstl;anlm(wR)_'_Psequeq(wn)'

(20)

The polarization dependence of the simultaneous TPA
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has been studied by McClain,® Monson and McClain,?
Nascimento,!? and Bray and Hochstrasser!? included
rotational effects. In order to calculate the polarization
ratio, the values of P$™/P* must be determined. Aver-
aging the P%4™ of Eq. 3 over the orientation of the
molecule, we obtain

Pyp = L [3((Mz)0+ (M) (M)

+ 4{(M35)*+ (M73)*+ (M12)%}
+ 2{MEEMYL+ MIEM S+ MIEM Y], (21)

for the linearly polarized light, and

1
Peim = o T (MED)+ (M) + (M12)7)

+ 12{(M35)%+ (M75)% 4 (M13)%}
— MM+ MM+ MM, (22)

for the circularly polarized light, where M, the two-
photon electronic transition matrix element, for
example, is given by

MY = 0% |x|0n)><Dn] 2|03 (23)

In the similar way the P** given by Eq. 7 is written as

PRt = {(Hin)*+ (HE)® + (Him)?)
X {(H7a)?+ (Hpa)? + (HEo)®, (24)
where, for example,
HZ, = <05 |x]03>. (25)

From Eq. 24 we can see that the two-photon transition
matrix element of the sequential process is independ-
ent of the polarization of light.

For the resonance TPA of Iy, the final state which
is dipole allowed belongs to a 3f or I, state in the
optical frequency range reported in this paper. We
consider the following two cases.

x YV Xy
() Zforlly,, — II,, —— Xi.

By using M;;=M}} in Eqgs. 21 and 22, we obtain
P=(8/15)(Mx5? and PE=(2/15)(M:%)2.  Similary
from Eq. 24 we obtain P%*9=(4/9)(M:3)2. Using these
expressions for the electronic matrix elements, we
can express Eq. 20 in terms of the line shape functions
as
3L5™ (wp) + 10159 (wy)

Q(wn) = 1215 (@) + 10L%%(wy) (26)

It should be noted that the polarization ratio Q(wg) is
dependent only on the value of L*™(wgr)/L%%wr) and
independent of the position of the peak of the line
shape functions for the simultaneous and sequential
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processes. In cases in which effects of elastic colli-
sions can be neglected, and the simultaneous process
dominates the TPA process, the polarization ratio is
then independent of laser frequency wr and Q(wr)=
0.25. In other extreme cases in which sequential proc-
ess is dominant, we obtain Q(wgr)=I.

z X,y
(i) I, or My, «—— II,, —— 5.

Substituting M;:=M7i into Eqgs. 21 and 22, we obtain

m=(8/15)(M)2 and P9=(12/15)(M32)2. Similary
we obtain P%9=2/9(M:)2. From these relations, the
polarization ratio is expressed as

_18L5™ (@) + 5L%°%(wg)
-Q(“)R) - 12lem(wn)+5Lseq(wR) * (27)

In cases in which effects of elastic collisions can be
neglected, we obtain Q(wr)=1.5. In other extreme cases
in which sequential process is dominant, on the
other hand, we obtain Q (wr)=1. In the real system
in which collisional dephasings take place and both
simultaneous and sequential processes make a con-
tribution to the TPA, we can see that the polarization
ratio depends on the laser frequency used.

Discussion

It has experimentally been shown that the two-
photon absorption process above the dissociation limit
of the B state may occur before the excited iodines
dissociate or during the dissociation process,

ha)g fl(l)k
I, — I¥ — L%,

The dissociation rate is estimated to be faster than
10~12571 from the results of photofragment spectros-
copy,!” and the pumping rate to Io** from the dis-
sociative state must be comparable to it. Concerning
the pumping process above the dissociation limit of
the B state, the following recombination mechanism
is another plausible one,

I, + hwg (<4989 nm) —— 2I,

M
I+4+1— L*(BOY),
L* (B0y) + hwg — I,

where M is an iodine parent molecule as a third body.
If this is the case, both UV emission intensity and
VIS emission intensity originating from bound levels
of the B state increase with the pressure of the third
body, M. When the pressure of I, increased from 0.2
Torr to 27 Torr (1 Torr=133.322 Pa) by changing the
cell temperature from 20°C to 90°C, the VIS emission
was still undetectable but the UV emission intensity
increased ten-fold for irradiation at A.<498.9nm.
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Fig. 4 The calculated polarization ratios for I
vapor. Points represent the experimental results
(see Fig. 2). The molecular parameters used are
w=215cm™Y, e3/%=20300cm"!, E,/A=48000cm"},
Ie=5cm™), I'y=3cm™!, I'nm=4cm™!, Fn/%i=3200
cm™}, and F./#=2000 cm—1.

Thus, the recombination mechanism should be ex-
cluded from the two-photon absorption process.
Expressions for the transition probabilities and the
polarization ratio of TPA wvia repulsive intermediate
states have been derived within the Born-Oppenheimer
adiabatic approximation and the Condon approxima-
tion. It has been shown that abilities of the simultane-
ous and sequential TPA processes are dominated by
two factors. One is the electronic transition matrix
elements with polarization of photons. For the simul-
taneous process, this factor depends on the polariza-
tion of photons, and for the sequential process, on the
other hand, it is independent of the polarization. The
other factor is a line shape function representing the
vibronic intensity distribution of the TPA spectra.
We are now in a position to calculate the polariza-
tion ratio for the resonant TPA of Is. The nuclear po-
tential of the ground state is assumed to be harmonic
with a frequency w=215cm™1; its equilibrium point
is located at 2.66 A. Analytical forms of the repulsive
potential energy curve of the Iy, state have been pro-
posed by Tellinghuisen,!® and Williams et al.?® In
this calculation, we adopt em(q)=—3200g+20300 (in
cm™! units), which is very close to the expression de-
rived to reproduce the potential energy and its slope
at the equilibrium nuclear position in the ground
state.!¥ The nuclear potential of the final state is not
well known to our knowledge. A large equibibrium
nuclear distance compared with that of the ground state
is predicted. It will, therefore, be a good approxima-
tion to regard the TPA of the I; system as the strong
coupling case. In Fig. 4 the 31} or Iy« I« X} transi-
tion is considered; the polarization ratios calculated
by using Eq. 22 are shown. The parameter used are
%/ h=48000cm™, I,,,—5cm™!, Iy=3 cm™! and Im=4
cm~l. These dephasing and damping constants have
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been assumed to be independent of wgr, which should
be valid in a restricted frequency range near the
resonant region. Figure 4 shows that the polarization
ratio is a decrease function with a constant value near
the resonance as increasing the laser frequency. This
indicates that the simultaneous process increases in
its contribution to the resonant TPA process. For the
comparison, the observed ratios are indicated by
points. We can see that there is a good correlation
between the observed and calculated polarization
ratios. Thus, the polarization behavior measured can
qualitatively be explained in terms of the gradual in-
crease in the contribution of the simultaneous process.

In this paper it is assumed that the sequential pro-
cess 1s induced by an elastic interaction between the
molecules and heat bath from the basis of the pressure
effect appeared in the UV emission intensity obtained
by the puming process above the dissociation limit of
the B state though the quantitative investigation of the
pressure effect has not been reported. Dissociation
processes of Iz play an important role in the resonant
multiphoton transition especially via the repulsive
Franck-Condon state because in this state the mag-
nitude of the dissociation rate constant is in the ps
order which is much larger than that of the pure
dephasing constant.2® The dissociation rate constant
is a function of the laser frequency. As the laser fre-
quency increases, the rate constant increases with its
magnitude comparable to that of the pure dephasing
constant which is reflected in the pressure effect ob-
served above the dissociation threshold.

We have neglected rotation of I in the analysis of
the polarization ratio for the resonant TPA. Polariza-
tion is destroyed by M-changing collisions when time
of rotation is comparable or faster than the interac-
tion time between photons and molecule. In this case
rotational effects on the polarization dependence
of the TPA have to be taken into account.!? For the
TPA via the dissociative intermediate states, the rota-
tional effects can safely be neglected because the inter-
action time between photons and the dissociative
state is much shorter than time of the rotation.

Finally it would be worth to mention that the
theoretical treatment developed in this paper can be
easily applied to resonance Raman scattering from
molecules with repulsive resonant states.2? The expres-
sion for the cross section for the resonance Raman
scattering 1is obtained from that of the transition
probability of the simultaneous TPA process by
specifying both incident and emitted photons and by
letting 4—0.

To summarize, experimental and theoretical studies
have been carried out in order to clarify the mecha-
nism of the resonant two-photon transition involv-
ing repulsive intermediate states. It has been shown
from the polarization ratios measurement of the gase-
ous Iz molecules that the sequential process makes a
significant contribution even in a laser frequency range
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belonging to the repulsive states. Both simultaneous
and sequential two-photon transitions take place below
the wavelength around 450 nm, which has qualitative-
ly been explained by using the expression for the
polarization ratio derived though the expression has
been derived by using a simple model.

Appendix A. Derivation of Eq. 13

In this Appendix, we shall present a derivation of Eq.
13 on the basis of the Boson operator algebra. From Eq. 12,
the generating function in the low temperature limits can
be expressed as

G(t, o', t) = (Olexp (iH,7'[h) exp (iH,t/h) exp (GH,7/h)
x exp [—iH,(t—7+7')/h]|0), (A1)

where |0> denotes the vibrational eigenket in the
zeroth state of the ground electronic state. In terms of
the Boson operators b, b* which satisfy [I;, I;T]=1, the vi-
bronic Hamiltonians related to TPA are given as

o= ho(b5+ 1), (A.2)

fy =~ b)) + &, (A.3)
and

A, = H, — hod(b+b) + h‘;‘” Fe. (A4

In deriving Eq. A.3, the nuclear kinetic energy term has
been omitted. This is equivalent to the delta function
approximation for the repulsive state.

Using the expression,

exp (iH,t/h) = exp [ie%t/h —}-%{cxp (iwt)—1}]

x exp (iH,t/h) exp [—A(t)b'] exp [2%(£)B], (A.5)

where A(t)=(A/\/§)[l—exp(—iwt)], Eq. A.l is rewritten as

G(r, 7', t) = exp [ieSt/h +A22-{cxp (iwt)—1}
+ it/ (8 — hw/2) [h—it (e —hw/2) [MU(z, T, t), (A.6)
where
U(z, o, t) = (O|exp [—it'F,,(b-+b')/a/ Th] exp [itwh'd]
x exp [—A(t)b] exp [A*(¢)b] exp [icF,, (b+b") /). (A.7)

Utilizing the Boson operator algebra, Eq. A.7 is expressed
as

Uz, 7/, t) = exp [— F2(c2+1'2) [4h2+ Flrt’ exp (itw)/2h?
—iF (1) [/ Tht-iF,c2%(t)/n/ Th]. (A.8)

We expand (A/\/'é)exp(iwt) in Eq. A.6 to second order of ¢:
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—4—exp (iot) =~ 1+iwt— wt >

Gz owton = (e

Substitution of Eqs. A.8 and A.9 into Eq. A.6 results in

(A.9)

G(z, 7/, t) = exp [1(§/h— w/2)t+i(d/h— w/2)7’

—i(e2/h— w[2)r— (F, ' — Fr+F,t)2/4%%], (A.10)
where &, =eiH+hwd?/2, and F,=4w. Substituting Eq.
A.10 into 11, we obtain the desired expression:

zm(an) = 2{ " a{ e o exp tiGenm— w2200
— o (1] 0

=TIl t| = (Fut'— Fpt 4-Fyt )[40
+i(ed/h— 0[2— wg)t' —i(ed/h— w[2—wg)T
—(t+7 ) pal- (A.11)
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